We investigate a Born−Infeld-type model of nonlinear electrodynamics, possessing three parameters, coupled with general relativity. As a particular case Born-Infeld electrodynamics is reproduced. There is no singularity of the electric field at the centre of point-like charged particles and self-energy of charges is finite in this model. The magnetized black hole is studied and solutions are obtained. We find the asymptotic of the metric and mass functions at r → ∞ and r → 0, and corrections to the Reissner-Nordström solution. Thermodynamics of black holes is investigated. We calculate the Hawking temperature of black holes and show that black holes are stable and there are no phase transitions in the model under consideration.
Introduction
Born and Infeld (BI) [1] proposed nonlinear electrodynamics (NLED) with attractive features: there is an upper limit on the electric field at the origin of point-like particles and self-energy of charges is finite. Later it was shown that BI electrodynamics can be derived from a model of the string theory at low energy limit [2] , [3] . In some models of NLED [4] - [6] there are not problems of singularity and the infinite self-energy of charged particles. NLED also appears in QED because of loop corrections [7] - [9] . In classical electrodynamics and in BI electrodynamics the dual invariance holds but in QED with quantum corrections the dual symmetry is broken as well as in other NLED models [6] . In this paper we investigate a black hole in the framework of Born−Infeld-type model of NLED with three parameters. As a particular case BI electrodynamics and generalised BI electrodynamics [10] are recovered. The correspondence principle occurs in this model that requires that in the limit of weak fields NLED is converted into Maxwell's electrodynamics. Bardeen proposed the first model of a non-singular black hole in [11] . Dymnikova [12] obtained the exact analytic solution of the Einstein equations, with a de Sitter core, which is singularity free. Ayón-Beato and Garćia [13] found the regular charged black hole solution in so-called P framework using a Legendre transformation. It was shown by Bronnikov [14] the existence of the regular solutions with magnetic charges in NLED coupled to general relativity. Breton [15] studied the Born-Infeld black hole in the framework of isolated horizon. In [16] Hayward investigated models of black holes for the collapse and evaporation phases, using Vaidya-like regions. Breton and Garcia-Salcedo [17] studied geodesics, energy conditions and thermodynamics of Born-Infeld black holes. In [18] Lemos and Zanchin found regular black hole solutions within general relativity coupled to Maxwell's electromagnetism and charged matter. Flachi and Lemos [19] calculated the quasi-normal frequencies, and studied the quasi-normal modes of neutral and charged scalar field perturbations on regular black hole backgrounds in some models. In [20] Hendi studied exponential and logarithmic NLED coupled with general relativity and obtained black hole solutions. Balart and Vagenas [21] constructed several charged regular black hole metrics in the context of theories with NLED coupled to general relativity. In works [22] we obtained black hole solutions in the framework of some NLED in general relativity. Frolov [23] investigated static spherically-symmetric metrics representing nonsingular black holes in four and higher-dimensional spacetime.
The paper is organised as follows. In section 2 the NLED model with three parameters is formulated. In section 3 we study NLED coupled to gravity, and magnetically charged black hole is considered. We find the asymptotic of the metric and mass functions at r → ∞. Corrections to the ReissnerNordström (RN) solution are obtained. In section 4 the thermodynamics is investigated. We calculate the Hawking temperature and demonstrate that black holes are stable and there are no phase transitions. In section 5 we make a conclusion. The causality and unitarity principles are studied in Appendix A. The Kretschmann scalar is calculated in Appendix B.
The units with c =h = 1, ε 0 = µ 0 = 1 are used and the metric signature is η = diag(−1, 1, 1, 1).
A model of nonlinear electrodynamics
Consider Born−Infeld-type electrodynamics with the Lagrangian density proposed in [24] 
with the parameters β and γ possessing the dimensions of (length) 4 , and σ is the dimensionless parameter,
is the field strength tensor, andF µν = (1/2)ǫ µναβ F αβ is the dual tensor. We note that two-parameter model of NLED was considered in [25] , which is close to our three-parameter model. If σ = 1/2 the model (1) becomes the model proposed in [10] . When β = γ and σ = 1/2 the model is converted into BI electrodynamics. The correspondence principle holds, i.e. at the weak field limit, βF ≪ 1, γG ≪ 1, the model (1) becomes Maxwell's electrodynamics, L → −F . At the limit σ → ∞ NLED (1) becomes exponential electrodynamics,
Euler-Lagrange equations can be represented as Maxwell's equations
with the electric displacement field D and magnetic field H,
where
From the Bianchi identity, ∂ µF µν = 0, one obtains the second pair of nonlinear Maxwell's equations
The dual symmetry is broken in this model if σ = 0.5 or β = γ [24] . In BI electrodynamics σ = 0.5, β = γ and the dual symmetry occurs. At r → 0, if σ < 1, the maximum of the electric field at the origin of charged particles is given by [24] 
Thus, the singularity of the electric field strength at the centre of point-like charged particles is absent. At σ = 1/2 the known result of BI electrodynamics is reproduced. The symmetrical energy-momentum tensor is given by the expression
In a viable theory the first principles of causality and unitarity have to be satisfied. The causality principle guarantees that the group velocity of elementary excitations does not exceed the speed of light in the vacuum. In this case tachyons are not appeared. The unitarity principle requires the positive definiteness of the norm of every elementary excitation of the vacuum, i.e. ghosts are absent. These principles were studied in Appendix A. It was shown that only at 0 < σ < 0.5 there is the restriction (Eq. (34)) on the magnetic field to meet the requirements of causality and unitarity. Therefore, the model, described by Eq. (1), is of definite theoretical interest.
Magnetically charged black hole
Let us consider magnetically charged black hole when E = 0. The action of NLED coupled with general relativity is given by
P l , G is Newton's constant, M P l is the reduced Planck mass, and R is the Ricci scalar. From action (8) one obtains the Einstein equation and electromagnetic field equations
where L F = ∂L/∂F = (1+βF /σ) σ−1 . The line element obeying the spherical symmetry is
The metric function can be found by the relation [14] f
where the mass function reads
and
is the magnetic mass of the black hole and ρ M is the magnetic energy density. Thus, the mass of the black hole has the electromagnetic nature. We obtain the magnetic energy density from Eq. (7),
We have used here the equality F = q 2 /(2r 4 ), where q is a magnetic charge for the magnetised black hole [14] . Making use of Eqs. (13) and (14) we obtain the mass function
where 2 F 1 (a, b; c; z) is the hypergeometric function and x = r(2σ) 1/4 /(β 1/4 √ q). Numerical calculations of the magnetic mass of the black hole are represented in Table 1 . We introduce the normalized magnetic mass of the black hole χ ≡ (2σ)
With the help of Eqs. (12) and (15) we obtain the 
Introducing dimensionless variables
the metric function (16) takes the form
The value of χ in Eq. (18) depends on σ and does not depend on β because m M also depends on β and the parameter β is canceled in the expression for χ. The parameter χ is given in Table 1 as a function of σ. But the parameter a depends on β. Therefore, when β varies the behavior of f (x) will be changed. To find the asymptotic of the metric function we use the expansion [26]
where (q) 0 = 1, (q) n = q(q + 1)...(q + n − 1), n = 1, 2, 3, .... The series (19) converges at |z| ≤ 1. From Eq. (19) we obtain the asymptotic at r → ∞
(20) Making use of Eqs. (16), (17) and (20) we obtain the asymptotic of the metric function at r → ∞ It follows from the plots that black holes can have one, two or no horizons depending on the parameters σ and a. Fig. 1 shows that for σ = 0.1, a = 0.01 one has two (Cauchy and event) horizons, for a = 0.165 we have one extreme horizons, and for a = 0.1 there are no horizons (naked singularity). According to Fig. 2 for BI electrodynamics (σ = 0.5) there is only one event horizon. Fig. 3 shows that we have the similar situation (σ = 0.7), only one event horizon exists. For σ = 0.1, for any parameter a, one has f (0) = f (∞) = 1. As f (0) = 1 the conical singularity is absent. It should be mentioned that BI electrodynamics (σ = 0.5) does not meet this requirement. Horizons are defined by the equation f (x + ) = 0 and from Eq. (18) we obtain the equation as follows
The plots of the functions a(x + ) are given in Figs. 4 and 5. Figures (4) and (5) show the dependence of the horizons on the parameter a = √ βσ/( √ 2Gq). Thus, for different values of β, q and σ it can be one, two or no horizons.
To find the asymptotic of the metric function at r → 0 we explore the formula (see [26] )
, −σ;
Making use of equation [26] 2 F 1 (a, b; c;
one obtains the asymptotic of the hypergeometric function at x → 0
The value of the metric function f (0) calculated by Eqs. (18) and (25) and (9) (for E = 0) is given by
At r → ∞ the Ricci scalar (26) and the Kretschmann scalar (see Appendix B, Eq. (36)) approach to zero, R → 0, K(r) → 0, and therefore, spacetime becomes flat. But the Kretschmann scalar, according to Eq. (36) (see Appendix B), becomes infinite at r = 0 and, therefore, spacetime has the singularity and the black hole is not regular.
Thermodynamics
In this Section we will study the thermal stability of charged black holes. For this purpose we will calculate the Hawking temperature of the black hole. When the Hawking temperature becomes negative this would indicate nonstability of the black hole. The first-order phase transition takes place in the point where the Hawking temperature changes the sign. The second-order phase transition occurs in the point where the heat capacity is singular [27] . The Hawking temperature can be calculated from the expression
where κ S is the surface gravity and r + is the event horizon. From Eqs. (12) and (13), we obtain the relations
Making use of Eqs. (22), (27) , and (28) one finds the Hawking temperature
The plot of the Hawking temperature versus the horizon x + is given in Fig. 6 . Fig. 6 shows that the Hawking temperature is always positive, and therefore, the black hole is stable for any parameters. The heat capacity is defined as 
where we use the entropy which satisfies the Hawking area low S = A/(4G) = πr 2 + /G. It follows from Eq. (30) that the heat capacity diverges when the Hawking temperature has extremum. But in our case (see Fig. 6 ) there is no extremum of the Hawking temperature, and there is no phase transition of the second-order.
Conclusion
We have considered new NLED model with three independent parameters β, γ and σ. At the particular cases of parameters the model is converted into BI electrodynamics, generalized electrodynamics [10] or exponential electrodynamics. The correspondence principle holds and for weak fields the model becomes Maxwell's electrodynamics. In this model the singularity of the electric field at the centre of point-like charged particles is absent and selfenergy of charges is finite. NLED coupled to the gravitational field was investigated. We have studied the magnetized black hole and obtained solutions. It was shown that for σ = 0.1 we have f (0) = f (∞) = 1 and the conical singularity is absent, but BI electrodynamics does not possess this requirement. It should be mentioned that the black hole is not regular in our model because the Kretschmann scalar diverges at r = 0. The asymptotic of the metric and mass functions at r → ∞ and r → 0, and corrections to the Reissner-Nordström solution were found. We have calculated the Hawking temperature of black holes and shown that black holes are stable within our model and there are no phase transitions. The motivation in the choice of Lagrangian density in form (1) is due to attractive features of the model proposed: (I) at the particular parameters σ = 0.5, γ = β BI electrodynamics is recovered which is inspired by the string theory; (II) the singularity free of the electric field at the origin of point-like charges and finiteness of self-energy of charged particles; (III) Lagrangian density (1) fulfills the constrains coming from the first principles such as causality and unitarity; (IV) thermodynamics stability of black holes holds in the framework of NLED proposed.
Appendix A
Principles of causality and unitarity lead to inequalities [28] 
Here L F ≡ ∂L/∂F , L G ≡ ∂L/∂G. With the help of Eq. (1) one finds
σ ,
where the Π is given in Eq. (4). We imply that 1 > σ ≥ 0, β ≥ 0 and γ ≥ 0. For pure magnetic black holes (E = 0, G = 0) one has Π > 0. Then we find from Eqs. (31) and (32) that the principles of causality and unitarity occur if the magnetic field (F = B 2 /2) obeys the inequality as follows:
For the case 1 ≥ σ ≥ 0.5, including Born-Infeld electrodynamics, Eq. (33) holds for any values of B. But if 0 < σ < 0.5 Eq. (33) leads to the restriction
For example, if σ = 0.1 the principles of causality and unitarity hold for the values of the magnetic induction field B < 1/(2 √ β).
